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Introduction

• Who: Light-element nuclear data evaluation "team" @ LANL/Theoretical Div.
− Gerry Hale & MP
− LANL collaborators

§ D. Dodder, K. Witte, A. Sierk, R. MacFarlane, N. Gibson, W. Haeck
− External collaborators

§ D.Brown(BNL), C.Brune(OU), J.deBoer(ND), R.Capote(IAEA), V.Dimitriou(IAEA), 
I.Thompson(LLNL) & many others

• What: Light-element cross section evaluation for science and applications
• When: 70's à current
• Why...motivations, next slides
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Motivation I

Theoretical
Address open problem of relativistic, multichannel scattering/reactions of composite strongly 
interacting (QCD) objects (a.k.a., nuclei)

1.

2.

3.

4. ???  The 4th paper never appears

− Phenomenological R-matrix parametrization of light-element scattering/reactions (largely 
non-relativistic) may give clues about the more general problem



52021-04-19

Motivation II

Practical Applications
Continuous (and multi-group) representation of scattering/reaction data is important for a 
variety of applications

§ Nuclear astrophysics & cosmology
§ Neutrinos and fundamental symmetries
§ Energy
§ Nuclear criticality & safety
§ Nuclear security
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11B (𝛼+7Li, 𝛼+7Li*, t+8Be, n+10B); 11C (𝛼+7Be, p+10B)
12C (𝛼+8Be, p+11B)
13C (n+12C, n+12C*)
14C (n+13C)
15N (p+14C, n+14N, 𝛼+11B)
16O (g+16O, 𝛼+12C)
17O (n+16O, 𝛼+13C)
18Ne (p+17F, p+17F*, 𝛼+14O)

LANL light-element program

• All compound systems A<20 (and a few above)
• Recent work in 2020:

LA-UR-20-26607
Sent to P. Talou, XCP-5

August 27, 2020
Page 30

Projectile\Target 1H 2H 3H 3He 4He 6Li 7Li

n 2020 VIII.0 VIII.0 VIII.0 VIII.0 2020 VIII.0

p 2020 VIII.0 VIII.0 VIII.0 2020 VIII.0 VIII.0
d VIII.0 VIII.0 2020 VIII.0a VIII.0 VIII.0
t VIII.0 VIII.0 2020 VIII.0 TENDL09

h(3He) VIII.0 VIII.0 VIII.0 TENDL09
↵ VIII.0 TENDL09 TENDL09

Table 3.1: Updated CP2020 NCS evaluated data entries show designations for evaluated nuclear
cross section data for scattering and reactions of neutron projectiles and CP projectiles (shown in
rows) on light-element isotopes (columns). The entries ENDF/B-VIII.0 indicate the latest, release
version of the NNDC evaluated NCS library. Local, updated versions are designated ‘2020’ and
described in the text.a) Phase space spectra added to this evaluation for CP2020.

3. 3H: The neutron-triton (n+3 H) CP2020 evaluation, taken from ENDF/B-VIII.0 (see Table
A.49), is part of the A = 4 compound system evaluation, a simultaneous analysis of 4H ⇠
n +3 H and 4Li ⇠ p +3 He, its isospin partner, which is driven by the R-matrix analysis of
the p+3He data. The (Coulomb-shifted) parameters of the 4Li fit have been used to predict
total and elastic cross sections and angular distributions of 3H(n, n)3H from En sub-thermal
to 20 MeV. The (n, 2n) threshold, En ⇡ 8.4 MeV has been taken into account approximately
in the R-matrix fit through quasi-two-body coupling to the nn+ d and nn+ d0 channels.

4. 3He† : The n +3 He ⇠4 He evaluation, last updated in 2011 April, taken from ENDF/B-
VIII.0 (see the summary in Table A.61), includes total (up to 20 MeV), elastic (to 200
keV), capture, and charged-particle production reaction data, ((n, p) to ⇠ 10 MeV and
(n, d), integrated cross section to ⇠ 10 MeV). The IAEA-Standards reaction 3He(n, p)3H,
in the energy range 0.0025 eV < En < 50 keV, with few cross section measurements, is
an infrequently used reference cross section. Significant amounts of data in the Coulomb
dominated p +3 H channel does not tightly constrain the evaluation. Future work should
propose measurements to account for this deficiency.

5. 4He: The n+4He evaluation in ENDF/B-VIII.0 (Table A.69), being a component of the 5He
compound system, which includes the important 3H(d, n)4He fusion reaction, has received
much attention over decades and is well constrained by the data. It contains neutron total
and elastic cross section and covariance information and currently goes to 20 MeV. The
CP2020 library is based upon the ENDF/B-VIII.0 evaluated data file with MF=4, MT=2
angular data migrated to MF=6 format .

6. 6Li†: New evaluation for CP2020. As previously mentioned, the n+6Li⇠7Li system R-matrix
evaluation was fairly well-developed at energies En . 4.3 MeV for the ENDF/B-VIII.0 evalu-
ated library. The evaluation work from CP2011 for 6Li(n, n0

d)4He (spectra shown in Fig. 6) is
included in the CP2020 ENDF file, unchanged; and recent refinements to the CP2020 ENDF
file are included to account for 6Li ⇤ excited state contributions have been included in the

An Equal Opportunity Employer / Managed by Triad National Security, LLC for the U.S. Department of Energy’s NNSA
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Text

Theory
Overview of R-matrix approach

I. Solve the Schrodinger equation for 
the scattering problem
(by imposition of scattering Boundary 
Conditions – see next slide)

II. But rather than match the data at 
macroscopically large distances 
from the scatterer
(as is usually done)

III. We assume that the asymptotic 
wave function is known down to 
microscopic scales
(Coulomb or free)

IV. Match at a finite radius – the 
channel radius: rc or ac

V. Why?
The finite channel surface boundary 
between Interior & Exterior regions 
allows the definition of a compact, 
Hermitian operator

Compound system & channels
• 5Li – interior region 
• p+4He, d+3He, ... – exterior, asymptotic region
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Theory
Scattering: Boundary condition

• Solve the Schrodinger equation for E>0, in the continuum

• Boundary condition
− Suppose

− Correct BC for incoming plane wave with k

− Energy conservation [assume ℓ=0, elastic only]

<latexit sha1_base64="QP9+cY0P+2dcifSPfEzIVqf9IOg="></latexit>⇢
� ~2
2µ

r2 + V (r)

�
 (r) = E (r)

<latexit sha1_base64="6bnBkiy55mvdwFWDcwT4R5AW/hM="></latexit>

 (r) =

Z
d3k0

(2⇡)3/2
eik

0·r (k0) =) lim
|r|!1

 (r) ! 0 (by Riemann-Lebesgue)

<latexit sha1_base64="H3hj6Udo5wSgVut8TVw/HgEpCKs="></latexit>

 (r) =

Z
d3k0

(2⇡)3/2
eik

0·r (k0) + eik·r
only remaining term
as <latexit sha1_base64="WmcqZ0Yp15haZs5JBGNkug24e7g=">AAACCHicbZDLSsNAFIYnXmu9RV26CRbBhZSkiLosuHFZwV6gKWUyOWmHTiZh5qRQ0r6Az+BW1+7ErW/h0jdxello6w8DP/9/DnP4glRwja77Za2tb2xubRd2irt7+weH9tFxQyeZYlBniUhUK6AaBJdQR44CWqkCGgcCmsHgbto3h6A0T+QjjlLoxLQnecQZRRN1bXvsqyGwsY+Jz2WEo65dcsvuTM6q8RamRBaqde1vP0xYFoNEJqjWbc9NsZNThZwJmBT9TENK2YD2oG2spDHoTj67fOKcmyR0okSZJ9GZpb83chprPYoDMxlT7Ovlbhr+17UzjG47OZdphiDZ/KMoEw4mzhSDE3IFDMXIGMoUN7c6rE8VZWhgFQ0KJrIQ8hAiPSkaJt4ygVXTqJS963Ll4apUvVzQKZBTckYuiEduSJXckxqpE0aG5Jm8kFfryXqz3q2P+eiatdg5IX9kff4AJRKaQw==</latexit>

|r| ! 1

Scattering "matrix"

Phase shift
Incoming
wave

Outgoing
wave

<latexit sha1_base64="m0T3FqvuxZjRISv8mdXv5ecsKss="></latexit>

lim
|r|!1

 (r) ! e�ikr

r
� e+ikr

r
S`=0(k)

<latexit sha1_base64="3tUxdUsDVdmHtlFXO1xWQT52Kug=">AAACGXicbZA7T8MwFIUdnqW8CowshgoJliqpELBUqsTCWAR9SE2JHOemteo4ke0gVVFmfgS/gRVmNsTKxMg/wX0MQDmSpU/n3Cvbx084U9q2P62FxaXlldXCWnF9Y3Nru7Sz21JxKik0acxj2fGJAs4ENDXTHDqJBBL5HNr+8HKct+9BKhaLWz1KoBeRvmAho0Qbyysd3HiZC5zX7Px4eIJrGO6yKnMD4Jp4trFyr1S2K/ZEeB6cGZTRTA2v9OUGMU0jEJpyolTXsRPdy4jUjHLIi26qICF0SPrQNShIBKqXTb6S4yPjBDiMpTlC44n7cyMjkVKjyDeTEdED9Tcbm/9l3VSHF72MiSTVIOj0ojDlWMd43AsOmASq+cgAoZKZt2I6IJJQbdorukxQngaQBRCqvGg6cf42MA+tasU5q1SvT8t1e9ZOAe2jQ3SMHHSO6ugKNVATUfSAntAzerEerVfrzXqfji5Ys5099EvWxzem9p8Y</latexit>

S`=0(k) = e2i�0(k)
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Theory
Scattering: Matching example [finite square well; ℓ=0]

• Finite square well

• Logarithmic derivative continuity

<latexit sha1_base64="ia8w5hKFuxJN5ECygPAR+t2BYw0="></latexit>
� ~2
2µ

(r (r))00 + V (r)

�
(r (r)) = E(r (r))

<latexit sha1_base64="BkU6+Oh/jtTv/gAofBf0IUAibb4="></latexit>

k�1
i tan kia = k�1

e tan(kea+ �0)

<latexit sha1_base64="vQh5v4CEqoqs2KaejbtDPwwpcWA="></latexit>

r int = Ai sin kir r ext = Ae sin(ker + �0(E))

ki =
p

2µ(E + V0) ke =
p

2µE

Li =
(r int(r))0

r int(r)

�����
r=a

Le =
(r ext(r))0

r ext(r)

�����
r=a

Matching condition at r=a: Li = Le

Caveat: unlike here, R-matrix 
matching occurs anywhere outside the 
range of the strong interaction
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Theory
Green functions

• Usual application to inhomogeneous differential equations
− Such as the Poisson equation EM
− The Green function (or operator)

is the inverse of the differential operator:

• R-matrix approach requires generalized Green function
− Incorporate boundary condition information directly into Green function

<latexit sha1_base64="1PuTxZir4wW/nhi//rxTlazD5LQ="></latexit>

�r2�(r) = 4⇡⇢(r)
<latexit sha1_base64="jICV1ibX1o4LTnUDYwl6FN3m3Ms="></latexit>

�(r) =

Z
d3r0

1

|r� r0|⇢(r
0)

<latexit sha1_base64="WIwyxMWJQQmnWAvrFDdOGXYttYc="></latexit>

“G = �(r2)�1” ! �r02G(r0) = 4⇡�(r0)

<latexit sha1_base64="xXWh/DqRzR9D8sZOj6sraIVTSUM="></latexit>⇣
H + L̂ (0)

a � E
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| i = |F i

|F i = |fi+A|ai

L̂ (0)
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2µ

|aiha|p̂r
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@
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(H(r)� E) (r) = f(r) 8r
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2µa

d

dr
(r (r))

���
r=a

= A r = a
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2ma
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r
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Theory
R-matrix: Exterior & Interior region wave functions

Interior region 

Channel surface 
 

Exterior region 
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• Solve the multichannel, scattering (Schrodinger) equation

• Matching @ rc = ac:

• Definition of R-matrix and S-matrix

Theory
Bloch-Green formalism

<latexit sha1_base64="6cgrVauZqtzy3DAomvLv+qoepUA="></latexit>

| ci = GbL̂b| ci | ci = |I ic �
X

c0

|Oic0Sc0c

|I i � |OiS = Gb(ac)(D � b) {|I i � |OiS}  � Matching at ac

<latexit sha1_base64="nf3Ia6z4VsKEEaLS5ULO8tcupu4="></latexit>

Gb;c0,c = hc0|
⇣
H + L̂b � E

⌘�1
|ci

=
X

�

hc0|
⇣
H + L̂b � E

⌘�1
|�ih�|ci

=
X hc0|�ih�|ci

E� � E
 � Spectral representation

R(ac, bc) =
X

�

��,c0��,c

E� � E
��,c =

acp
2µc
h�|ci 2 R

<latexit sha1_base64="rjL0uBBnq/+CGszpieCad6hOIuI="></latexit>

S = O
�1

I + 2iO�1
RLO

�1

RL =
⇥
1 +R(B � L)

⇤�1
R

NB : S matrix does not depend on ac, bc
<latexit sha1_base64="kPZFhLjuWtTjHdOn7AKm3O16dcw="></latexit>

L $ Lc0c = �c0cLc Lc =
ac

Oc

@Oc

@rc

���
rc=ac

B $ Bc0c = �c0cbc

<latexit sha1_base64="dv0z5YERjNTTv6jkWCilP41nPf0="></latexit>

(H � E) | ci = 0
⇣
H + L̂b � E

⌘
| ci = L̂b| ci

Gb =
⇣
H + L̂b � E

⌘�1

| ci = GbL̂b| ci

<latexit sha1_base64="xVGUqhAbhS0/9kHxf9E/7yNWpGo="></latexit>

HI(ac, bc)|�(ac, bc)i = E�(ac, bc)|�(ac, bc)i

HI(ac, bc) = HI + L̂b(ac)

L̂b(ac) =
X

c

|ac; cihac; c|
ia

2
c

2µc
(p̂r + ibc)

|ac; ci = |ac; jcmc; `cscihac; jcmc; `csc|

Algebraic mnemonic
Operators ~ Matrices
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Theory
Bloch-Green formalism: S-matrix unitarity

• Unitarity requires B real
• Energy independent level Eλ and reduced width γcλ require B constant
• Unitarity is preserved for finite set {Eλ, γcλ}

<latexit sha1_base64="BAf/su6MvmHsHsoigJGGZQSZTas="></latexit>

S = O
�1

I + 2iO�1
RLO

�1

R
�1
L = R

�1 +B � L

<latexit sha1_base64="ezGfQcmHun3AkAGnSvkJn2pY24g="></latexit>

S
†
S = 1 Unitary constraint

= 1 + 2iI�1
R

†
L

h
(R†

L)
�1 �R

�1
L � 2iI�1

O
�1

i
RLO

�1

= 1 + 4I�1
R

†
L

2

64Im B| {z }
!0

� Im L+ I
�1

O
�1

| {z }
!0, =) P=Im L=(F 2+G2)�1

3

75RLO
�1
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Unitarity implications

Tfi � T †
fi = 2i

X

n

T †
fn⇢nTni

�fi =
P

n S
†
fnSni

Sfi = �fi + 2i⇢f Tfi

⇢n = �(H0 � En)

9
=

;

n Implications of unitarity constraint on transition matrix
1. Doesn’t uniquely determine Tij; highly restrictive, however

Elastic:                                                    (assuming T & P invariance)
Multichannel:

2. Unitarity violating transformations
• Scaling single ampl: 
• Phase x-form:
« consequence of linear ‘LHS’     quadratic ‘RHS’

3. Unitary parametrizations of data provide constraints that experiment may violate
« normalization, in particular
« 17O: Bair & Haas '73 vs. Harissopulos '05

• ENDF/B-VIII.0 release: Nucl. Data Sheets 148 (2018) 1–142

Tij ! ↵ijTij ↵ij 2 R
Tij ! ei✓ijTij ✓ij 2 R

/

Observable / KF |Tfi|2

<latexit sha1_base64="lXSrgKXHAy8OGVf19ZZEEdmeomw="></latexit>

Im (T�1)11 = �⇢1, E < E2
<latexit sha1_base64="4ub/WcTKVYRzywQVai2NOyfSs7Y=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Vx05IUUTdCwY3uKvQFTSyTyaQdOsmEmYlYQr7Cjb/ixoUibsWdf+Ok7UJbDwwczjmXufd4MaNSWda3UVhaXlldK66XNja3tnfM3b225InApIU546LrIUkYjUhLUcVINxYEhR4jHW90lfudeyIk5VFTjWPihmgQ0YBipLTUNytO6PGH9CaEWep4AWzepRU7y+DxJaxogTNfjnWCQUcMedY3y1bVmgAuEntGymCGRt/8cnyOk5BECjMkZc+2YuWmSCiKGclKTiJJjPAIDUhP0wiFRLrp5KwMHmnFhwEX+kUKTtTfEykKZb6dToZIDeW8l4v/eb1EBRduSqM4USTC04+ChEHFYd4R9KkgWLGxJggLqneFeIgEwko3WdIl2PMnL5J2rWqfVWu3p+W6NaujCA7AITgBNjgHdXANGqAFMHgEz+AVvBlPxovxbnxMowVjNrMP/sD4/AESQJ6m</latexit>

Im T�1 = �⇢
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Theory
Unpolarized & polarized scattering/reaction observables

• Wolfenstein trace formalism
− Spin density matrix

− Unpolarized

− General polarization

Lincoln Wolfenstein
1923-2015

<latexit sha1_base64="ESaSP9iTPTEohNRkqUnERd3dvtc="></latexit>
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Tr ⇢f
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†
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hs0m0

s|T |smsi
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1

Tr 1i

X

i

hOiiOi ⇢
(0)
i ⌘ 1

Ns
1i
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†
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�(0)(E, ✓) =
4⇡

k2i

1

(2s1 + 1)(2s2 + 1)

X
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R-matrix parametrization
Relativistic kinematics

<latexit sha1_base64="6/blYKXo054TX/jzIdHGHguURAM="></latexit>

Rc0c(E�, ��,c) =
X

�

��,c0��,c
E�(s)� E(s)

• Mandelstam s variable
− Lorentz invariant
− Channel invariant

− Relativistic parametrization form (reference channel c0)

<latexit sha1_base64="+eolxRQU+VJ4IB5zBUg21GyEbAE=">AAACG3icbZDLSsNAFIYn9VbrLerSzWBRKpWSBFE3hYIILivYC7QxTKaTduhMEmYmQgl9Dze+ihsXirgSXPg2TtsstPWHgY//nMOZ8/sxo1JZ1reRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/OHVpN56IELSKLxTo5i4HPVDGlCMlLY805GwCkuxl+JTewzLcErOGJ7cO/C4CrmHNZShwzP/2sOeWbQq1lRwEewMiiBT3TM/u70IJ5yECjMkZce2YuWmSCiKGRkXuokkMcJD1CcdjSHiRLrp9LYxPNJODwaR0C9UcOr+nkgRl3LEfd3JkRrI+drE/K/WSVRw6aY0jBNFQjxbFCQMqghOgoI9KghWbKQBYUH1XyEeIIGw0nEWdAj2/MmL0HQq9nnFuT0r1qwsjjw4AIegBGxwAWrgBtRBA2DwCJ7BK3gznowX4934mLXmjGxmH/yR8fUDc22cqg==</latexit>

s = (pc,1 + pc,2)
2 = m2

c + 2mc,2Ec

<latexit sha1_base64="Ud/LpQnfrl6CvnOOpJdwsa/bgc4="></latexit>

pµc,1 = (mc,1 + Ec,pc,1) pµc,2 = (mc,2, 0)

<latexit sha1_base64="Mf845qILzUyesYy5HM3Ama1Kv+I="></latexit>

E(s) =
s�m2

c0

2mc0

<latexit sha1_base64="d4h0jur+05AoSLqDC7kGRMIvMhw=">AAACGnicbZDLSgMxGIUz9V5vVTeCm2BRBG2ZDOJlIRTcuKxgW6EtQybzjwaTzJBkhDLUJ3HpVh/Cnbh14zP4Ek4vC7UeCHyc8/8kOUEiuLGu++kUpqZnZufmF4qLS8srq6W19aaJU82gwWIR6+uAGhBcQcNyK+A60UBlIKAV3J0P8tY9aMNjdWV7CXQlvVE84oza3PJLm9JnePcMSz9jB6SP90fk9f1S2a26Q+FJIGMoo7HqfumrE8YslaAsE9SYNnET282otpwJ6Bc7qYGEsjt6A+0cFZVgutnwB328kzshjmKdH2Xx0P25kVFpTE8G+aSk9tb8zQbmf1k7tdFJN+MqSS0oNrooSgW2MR7UgUOugVnRy4EyzfO3YnZLNWU2L63Y4YqJNIQshMhUPNcjFZdUyOmgHfK3i0loelVyVPUuD8s1d9zTPNpC22gPEXSMaugC1VEDMfSAntAzenEenVfnzXkfjRac8c4G+iXn4xutqZ1d</latexit>

mc = mc,1 +mc,2
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Interior region 
 

Channel surface 
 

Exterior region 
 

 
 

Text

R-matrix evaluation for light nuclear systems

17

• Cross section evaluation for light-elements (A≦20)
– Quantum mechanical R-matrix (Wigner)
– Correlates all experimental data simultaneously
• pol/unpol; neutrons/charged-particles
• Elastic/inel/transfer/reaction/break-up
• Upper energy-limit restricted (break-up) < 20 

MeV

Observation
 Single experiment 

observations
 of yield

 Unpolarized: 
 Polarization: 

e.g. 

Nuclear Data Pipeline 
EDA cross section evaluation

Compilation
 Combination of single-

experiment differential data
(EXFOR/CSISRS)

 Compound-system data
deck

e.g.: =

RULE: Include all data

Evaluation
 Determination of initial

parameters ( ) from
known/guessed resonance
structure (ENSDF, TUNL-

NDEP)
 Optimization of 

Processing
 Continuous-energy (ACE) &
multigroup (NDI) formatted

cross section libraries (NJOY)

Optimize (currently via email )

Testing & Evaluation
 Integral benchmark testing

(ICSBEP/IRPhEP/etc)
 Other applications codes
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EDA evaluation procedure

Optimize

Solution/Postprocessing
1) Construct ENDF-6

formatted evaluated data file
2) Covariance data

3) Post-process break-up
spectra with SPECT code

Data
e.g. EXFOR/CSIRS

Processes: elastic, inelastic,
transfer, break-up*,...

Unpolarized: 

Polarized: 

EDA R-matrix
evaluation
procedure

YES

NO

R-matrix

T-matrix

Observables
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Parameter uncertainty from 𝜒2

The Old Way gives too-small uncertainty

• At a solution:

• Variations at     :

• Change in 𝜒2 when {p2} change, re-optimize 𝛿𝜒2 w.r.t. {p1}

• : restriction of C to {p2}-subspace

• NB: the            hypersurface’s average distance shrinks with incr. Np

@�2

@p

�����
p̂

⇡ 0

<latexit sha1_base64="Z9V5wQWd6lkY2X1+3C9ptKRpjvw="></latexit>

�2(p) ⇡ �2(p̂) +

NpX

↵,�=1

�p↵(C
�1)↵��p�

<latexit sha1_base64="Irk0Ta6e3qQ9CgsRHenm3TflHf8="></latexit>

p̂

<latexit sha1_base64="BrHdsSphysgz1yCtl9h+t+0M1/8=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxjKC+YAkhL29uWTN3t6xuyeEI/4GW63txNb/Yuk/cZNcoYkPBh7vzTAzz08E18Z1v5zC2vrG5lZxu7Szu7d/UD48auk4VQybLBax6vhUo+ASm4YbgZ1EIY18gW1/fDPz24+oNI/lvZkk2I/oUPKQM2qs1OqNqCHJoFxxq+4cZJV4OalAjsag/N0LYpZGKA0TVOuu5yamn1 FlOBM4LfVSjQllYzrErqWSRqj72fzaKTmzSkDCWNmShszV3xMZjbSeRL7tjKgZ6WVvJv7ndVMTXvczLpPUoGSLRWEqiInJ7HUScIXMiIkllClubyVsRBVlxgZU6nHJRBpgFmCopyWbibecwCppXVS9WvXyrlapu3k6RTiBUzgHD66gDrfQgCYweIBneIFX58l5c96dj0VrwclnjuEPnM8fxQWVEw==</latexit>

��2(p) = �2(p̂+ �p)� �2(p̂)

= �p1A�p1 + �p1B�p2 + �p2B
T �p1 + �p2D�p2

<latexit sha1_base64="cg/mV/ceDTE68yHYdWHWnWYNvO0="></latexit>

��2(p1 + �pmin
1 , p2 + �p2) =

N2X

↵,�=N1+1

�p2,↵D̃
�1
↵��p2,�

<latexit sha1_base64="doLt+6rdAr687IU+OXm6gld1+1A="></latexit>

D̃

<latexit sha1_base64="zguQ55aTuaBucheh4pe+cbzYk2g=">AAAB/3icbVBNS8NAEN3Urxq/qh69LBbBU0lE0WNBDx4r2A9pQtlsJu3SzSbsboQScvA3eNWzN/HqT/HoP3Hb5qCtDwYe780wMy9IOVPacb6sysrq2vpGddPe2t7Z3avtH3RUkkkKbZrwRPYCooAzAW3NNIdeKoHEAYduML6e+t1HkIol4l5PUvBjMhQsYpRoIz14mvEQ8ptiUKs7DWcGvEzcktRRidag9u2FCc1iEJpyolTfdVLt50RqRjkUtpcpSAkdkyH0DRUkBuXns4MLfGKUEEeJNCU0nqm/J3ISKzWJA9MZEz1Si95U/M/rZzq68nMm0kyDoPNFUcaxTvD0exwyCVTziSGESmZuxXREJKHaZGR7TFCemTxCiFRhm0zcxQSWSees4Z43Lu7O602nTKeKjtAxOkUuukRNdItaqI0oitEzekGv1pP1Zr1bH/PWilXOHKI/sD5/AJtClrI=</latexit>

��2 =
(�p0)2

C00
=) �p0 = (C00)

1/2 () ��2 = 1

<latexit sha1_base64="RMhvotyKpK0KSbNtDs7NnmWXyGw="></latexit>

��2 = 1

<latexit sha1_base64="GelvDuIiDZ8b/uhnD+yxE1sKjfk=">AAACC3icbZDNSsNAFIUn/tb4V+3SzWARXJWkVHQjFNy4rGB/oIllMrlph04mYWYilNBH8Bnc6tqduPUhXPomTtsstPXAwMc59zKXE6ScKe04X9ba+sbm1nZpx97d2z84LB8dd1SSSQptmvBE9gKigDMBbc00h14qgcQBh24wvpnl3UeQiiXiXk9S8GMyFCxilGhjDcoVLwSuCfboiD3U8TV2bTwoV52aMxdeBbeAKirUGpS/vTChWQxCU06U6rtOqv2cSM0oh6ntZQpSQsdkCH2DgsSg/Hx+/BSfGSfEUSLNExrP3d8bOYmVmsSBmYyJHqnlbGb+l/UzHV35ORNppkHQxUdRxrFO8KwJHDIJVPOJAUIlM7diOiKSUG36sj0mKM9CyEOI1NQ2nbjLDaxCp15zG7WLu0a16RTtlNAJOkXnyEWXqIluUQu1EUUT9Ixe0Kv1ZL1Z79bHYnTNKnYq6I+szx+VkZkb</latexit>
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Parameter variance

• At a solution

• Assuming a normal distribution

• Change in chi-squared

• NB: adding redundant params can lower 

Confidence
region

Pc(p|y) =
1

detC1/2(2⇡)Np/2
e�

1
2 [�

2(p)��2(p̂)],

<latexit sha1_base64="nPSmAJ1LJVp22X2osKRz1D60QGI="></latexit>

h(�p↵)2i =
Z 1

�1
dp1 · · ·

Z 1

�1
dpNp Pc(p|y)(�p↵)2 = C↵↵

<latexit sha1_base64="rwHlzd79Z6YJzulNPrkJnCclSW4="></latexit>

�pµ = (C↵↵)
1/2�µ↵
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��2(�pµ)
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⇡ 0
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Uncertainties from chi-squared minimization 

�2
EDA(p) =

X

M,iM


niMXiM (p)�RiM

�RiM

�2
+


nMSM � 1

�SM/SM

�2

<latexit sha1_base64="Jb9u1QkmV437oEXrAmC8fLBrdbw="></latexit>

M : experimental setup
i : observable

RiM , �RiM : relative measurement, uncert.
XiM : calc’d observable
nM : normalization

<latexit sha1_base64="Tsxv9UbTfQpuVorhBOunwGNXGVY="></latexit>

Uncertainty determination comparison:
��2 = 1 =) Uncertainties too small; scaling: �pi = (C0

ii)
1/2

⇠ O(N�1/2
p )

<latexit sha1_base64="QWtVJ/kRg18WPQNPdlcJLltP0zs="></latexit>

P (��2|k DOF) =
1

2k/2�(k/2)

Z ��2

0
dt tk/2�1e�t/2

= CL(68%: 1� �; 95%: 2� �; . . .)

<latexit sha1_base64="GJ3UO3jsFtcxSHNfzmwop8wPDQ0="></latexit>

2)
1) previous:
improved:

Better scaling: �pi ⇠ (NpCii)
1/2

<latexit sha1_base64="R7mgLzLZ64nsGPdC+iBoJSWudxs=">AAACIXicbVDLSsNAFJ3UV62vqEs3Q4tQNzUpFV0WunElFewDmhgmk0k7dPJgZiKUkL3/4d6t/oI7cSf+gJ/hpM1CWw9cOJxzL4d73JhRIQ3jUyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYsEYTQkPUklI8OYExS4jAzcaSf3Bw+ECxqFd3IWEztA45D6FCOpJEevWh5hEsHYodASNID1GyeGHSelNDu7T83zZuboNaNhzAFXiVmQGijQdfRvy4twEpBQYoaEGJlGLO0UcUkxI1nFSgSJEZ6iMRkpGqKACDud/5LBU6V40I+4mlDCufr7IkWBELPAVZsBkhOx7OXiv16ucOGLpXzpX9kpDeNEkhAv4v2EQRnBvC7oUU6wZDNFEOZUfQDxBHGEpSq1oqoxl4tYJf1mw2w1Lm5btXazKKkMTkAV1IEJLkEbXIMu6AEMHsEzeAGv2pP2pr1rH4vVklbcHIM/0L5+AFrNot8=</latexit>

Confidence
region
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Observable error propagation
Covariance matrix

cov[σ i (E)σ j ( !E )]= ∇pσ i (E)!" #$
T
C0 ∇pσ j( !E )"# $%

p=p0

= Δσ i (E)Δσ j( !E )ρij (E, !E ).

The parameter covariance matrix is                 , and so first-order error propagation gives 
for the cross-section covariances

C0 = 2G0
−1

observable uncertainties

correlation coefficient

χ0
2 = χ 2 (p0 )

g0  = ∇pχ
2 (p) p=p0

≈ 0

G0 =∇pg(p) p=p0

#

$
%%

&
%
%

χ 2 (p) = χ0
2 + (p−p0 )

Tg0 + 1
2 (p−p0 )

TG0 (p−p0 )
= χ0

2 +Δχ 2.
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New code implementation

• Previous version EDA5
− Versatile, numerically stable; legacy [F66 

remnants] à difficult to modify/debug

• Current version EDAf90
−ModernFORTRAN(F90)implementation
− Identical numerically to EDA5
− Interfaces with NJOY2016/NJOY21
− Backend interface with ENDFtk
− Frontend (observed data) interface with 

EXFOR/CSISRS (c5 format)

9be(n,n)9be* dσ/dΩ E=    5.000 MeV

0 30 60 90 120 150 180
θCM

10-2

10-1

dσ
/d
Ω

 90% confidence range
calculated at E= 5.000
be9(n,n)be9(2.43):J,NSE,103,37,198909:M.Sugimoto+
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Charge-Independent Analysis of N-N
Scattering up to 50 MeV

Channel ac (fm) lmax

p+p 3.26 3

n+p 3.26 3

g+d 40 1

n+n 3.26 3

Reaction # Pts. c2 Observable Types 

p(p,p)p 675 950 s(q), Ay(p), Cx,x, Cy,y, Kx
x’, Ky

y’, Kz
x’

p(n,n)p 4815 3764 sT, s(q), Ay(n), Cy,y, Ky
y’

p(n,g)d 86 179 sint, s(q), Ay(n) 

d(g,n)p 88 77 sint, s(q), S(g), Py(n) 

n(n,n)n 1 0 a0

Norms. 183 86

Total 5848 5056 20

# free parameters = 43+183 Þc2/degree of freedom = 0.899
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n-p Elastic Scattering Differential Cross Sections
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n-p Diff. Cross Sect. at 10.04 MeV

Calc 10.04
Boukharouba `01
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n-p Diff. Cross Sect. at 14.1 MeV

Calc 14.1
Allred `53
Buerkle `97
Seagrave `55
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Greiner `65
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n-p Diff. Cross Sect. at 22.5 MeV

Calc 22.5
Drosg `78
Flynn `62
Scanlon `63
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n-p Diff. Cross Sect. at 47.5 MeV

Calc 47.5
Scanlon `63
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/d
Ω

 (
b/

sr
)
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c.m.

 (degrees)
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n-p Diff. Cross Sect. at 36.0 MeV

Calc 36
Fink `90
Romero `70
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)

θ
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Calc 50
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n-p Elastic Scattering Polarizations

-0.002

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0 30 60 90 120 150 180

n-p Polarization at 10.03 MeV

Calc 10.03
Holsin `88
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n-p Polarization at 14.1 MeV

Calc 14.1
Brock `81
Weisel `92
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θ
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 (degrees)
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n-p Polarization at 16.9 MeV

Calc 16.9
Tornow `88

P y (
n)

θ
c.m.

 (degrees)
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n-p Polarization at 33.0 MeV

Calc 33.0
Wilczynski `84

P y (
n)

θ
c.m.

 (degrees)

- Why include polarizations?

- Further constrain the
scattering amplitudes and
possibly find a unique
solution (c2 minimum). 
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Integrated Cross Sections for n-p and n-n Scattering 
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1
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n-p Total Cross Section

ENDF/B-VIII.0
Dilg `75
Fujita `76
Allen `55
Daub `13
Davis `71
Abfalterer `01
Lisowski `80
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n+p Capture and g+d Photodisintegration Data

p(n,gamma)d dσ/dΩ E=25.000 MeV
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diff. x-sect. p(n,gamma)d  En= 25.00 MeV
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Ay(n)     p(n,gamma)d  En= 27.50 MeV
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Ay(n)     p(n,gamma)d  En= 35.90 MeV
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diff. x-sect. p(n,gamma)d  En= 35.90 MeV
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NN system covariance data

2020-12-08Los Alamos National Laboratory

Covariance matrix

Partitions:

pp(`  3);np(`  3);

�d(`  1);nn(`  3)

�2/dof ' 0.9

36 channels (J⇡LS)

29



302021-04-19

R-matrix evaluation
5Li system 

Channel ac (fm) lmax

d +3He( 12
+
) 4.8 4

p +4He(0+ ) 2.9 4
p +4He⇤(0+; 20.2 MeV) 3.4 2

d0+3He( 12
+
) 5.1 0

Reaction Energy Range # Data Observables
(MeV) Points

3He(d, d)3He Ed = 0.32� 10.0 2,229
�(✓), Ai, Aii,

Ci,j , Cij,k,Ki,j0k0 ,Kij,k0l0

3He(d, p)4He Ed = 0.13� 10.0 3,839
�(E),�(✓), Ai, Aii,

Ci,j ,Kij,k0

3He(d, p)4He⇤ Ed = 3.70� 6.70 28 �(✓)
4He(p, p)4He Ep = 0.92� 34.3 867 �(E),�(✓), Ay, Py

Total: 6963

Table 1: Channel configuration (top) and data summary (bottom) for the 5Li
system analysis. The column labeled “Observables” indicates the following
data types: �(E), integrated cross section; �(✓), unpolarized angular distri-
butions (energy-dependence suppressed); A initial-state analyzing power; P
final-state polarization; C spin correlation coe�cients; K polarization trans-
fer coe�cients. (We have suppressed the indices i, j, . . . which take on values
x, y, z for spins/polarization directions in configuration space.) All polarization
and spin distributions are angular distributions, which depend on the angle of
the outgoing particle. Chi-squared per degree of freedom for the analysis is

�2/dof ' 2.7 over 7,178 data points, 215 of which were discarded by elimi-

nating individual data points which contribute to �2 > 40.

1
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5Li system evaluation
3He(d,d)3He

4/19/21Los Alamos National Laboratory                LA-UR-20-26714 31
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5Li system evaluation
3He(d,p)4He

4/19/21Los Alamos National Laboratory                LA-UR-20-26714 32
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5Li system evaluation
4He(p,p)4He

4/19/21Los Alamos National Laboratory                LA-UR-20-26714 33
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n+9Be
New evaluation

2021-03-17Los Alamos National Laboratory

• Added data: elastic, (n,𝛼), (n,n1)

34

LANL
10
Be evaluation 4

En ' 1.75 MeV, challenges the conventional R-matrix approach. We approximate the effect of
this channel through two quasi-two-body resonant partitions:

n⌦ n⌦ 4
He⌦ 4

He ' 4
He⌦ 6

He + (nn)0 ⌦ 8
Be. (1)

Here the ⌦ symbol indicates the tensor product in the quantum mechanical Hilbert space, (nn)0
denotes the scalar (spin-0) di-neutron whose mass is taken to be twice the neutron mass; 8

Be(0+; 0)
is a J⇡

= 0
+ isospin T = 0 narrow resonance with mass set at 2m↵; the 6

He(0+; 1) isovector (T = 1)
strong-interaction stable nuclide with mass 0.9725 MeV below the threshold for 4

He+2n breakup.
This new R-matrix evaluation includes the inelastic scattering process 9

Be(n, n1)9Be⇤(52
+
; 2.4924

MeV) for the first time. Processes for which experimental data is available for the 10
Be system

is shown in lower portion of Table 3. The reaction process 9
Be(n, t)7Li, which has threshold

En,thr = 11.6 MeV is not included here, but should be in future work.

Channel ac(fm) `max

n+9
Be(32

�) 4.67 3
4
He+6

He(0+) 5.00 4
(nn)0+8

Be(2
+
) 5.20 3

n +9
Be

⇤
(
5
2

�
) 5.20 1

Process En range Observables Ndat �2/Ndat
9
Be(n, n0)9Be (1.25 eV, 15.4 MeV) �tot, �, �(✓), Ay(✓) 5782 1.65

9
Be(n, 4He)6He (0.63, 8.5) MeV �, �(✓) 178 1.40
9
Be(n, 2n)8Be (1.8, 14.7) MeV � 40 13.95

9
Be(n, n1)9Be⇤ (2.7, 5.0) MeV �(✓) 83 1.65

Total 6083 1.75

Table 3: (Top) Partition configuration for the 10
Be compound system. (Bottom) Scattering and

reaction observables: number of data points Ndat, energy range covered, quality of fit in �2/Ndat,
and observables. Rows 2–4 (highlighted) of the upper portion of the table represent new contri-
butions to the 10

Be evaluation; the previous R-matrix evaluation[2] included data only from the
elastic process 9

Be(n, n)9Be.

The top portion of Table 3 shows the channels along with the channel-radius parameters ac of
the R-matrix parametrization and the maximum value of the orbital angular momentum `max for
the channel. The scattering and reaction processes (collectively “Process”) of the 10

Be compound
system are shown in the left column of the lower portion of the table. Energy ranges, numbers of
data points and types of observables are shown in the remaining columns of the lower portion.

The R-matrix approach is a phenomenological model, parametrized by the channel-radii, ac, the
level � energies and reduced widths, E� and ��,c, respectively.1 (See Fig. 3.) Given the data and

1We avoid a description of some technical details of the R-matrix approach such as the boundary condition
parameters, bc.[5].

NA
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9Be(n,n)9Be Differential Cross Sections

2021-03-17Los Alamos National Laboratory 36
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9Be(n,n2)9Be* Differential Cross Sections
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Summary of new evaluation:

§ 10Be analysis has produced a consistent set of cross sections and angular distributions 
that are in agreement with most of the experimental data at energies up to 5 MeV.  
Extensions above that energy were based on the experimental data alone.

§ Level assignments for the overlapping resonances near En=2.7 MeV have the opposite 
parity (4-,3+→ 4+,3-).

§ Excited states of 9Be make important contributions to the (n,2n) cross section (MT=16 
→ 24 in the new evaluation).

§ Testing/benchmarking: (M. Herman, LANL) and thick-target angular neutron yields (Y. 
Danon, RPI) on the following slides
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Comparison to previous ENDF/B
Integrated cross sections
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Conclusions

2020-12-08Los Alamos National Laboratory

• R-matrix
− Correlates all processes associated with a given compound system
− Enforces
§ Unitarity, relating the magnitudes and phases of amplitudes of different processes (total, elastic, 

inelastic, reaction, etc.)
§ Causality; proper complex-analytic properties

• Systematically improvable
− More data
§ Polarized observables
§ Higher-energy data

39
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Outlook
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• Continued code modernization & improvement
− Higher energies à break-up reactions
§ Currently post-processed by auxiliary codes
§ Immediate objective: (z,z'n), (z,z'𝛾), etc.

• Uncertainty quantification
− Currently
§ 𝝌2 minimization with per-experimental setup normalization
§ Appears sufficient for 2⟼2 body scattering/reactions, single compound system

− Planned
§ Bayesian statistical methods
− Data covariances
− Several compound systems concurrently

• Ongoing/planned evaluation
− 9Be, 17O
− Neutrons on H,C,N,O

Thank you for your patience and attention.
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